Abstract. Let X be a smooth curve on a ruled surface π : S → C. In this paper, we deal with the questions on the gonality and the Clifford index of X and on the composedness of line bundles on X with the covering morphism π| X . The main theorem shows that if a smooth curve X ∼ aC o + bf satisfies some conditions on the degree of b, then a line bundle L on X with Cliff(L) ≤ ag(C) − 1 is composed with π| X . This implies that a part of the gonality sequence of X is computed by the gonality sequence of C as follows:
Introduction
Throughout this paper, X is a smooth irreducible algebraic curve of genus g over an algebraically closed field of characteristic 0. If X is a multiple covering of a smooth irreducible curve C, it is natural to raise a question on the relations between X and C with respect to the gonality and the Clifford index, which are important birational numerical invariants for algebraic curves. Here, the Clifford index Cliff(X) and the gonality gon(X) of a smooth curve X are defined by gon(X) := min{n | there is a g 1 n on X},
where Cliff(L) = deg L − 2h 0 (X, L) + 2 for a line bundle L on X. It is known that 2 ≤ gon(X) ≤ g+3 2
by Meis' Theorem ( [13] ) and gon(X) − 3 ≤ Cliff(X) ≤ gon(X) − 2 by the Theorem in [3] .
An expectation on the gonality and the Clifford index of X is ( * ) gon(X) = (deg φ) × gon(C) and Cliff(X) = (deg φ) × gon(C) − 2.
We can also have a further question on the degree range in which any base point free line bundles on X are composed with the covering morphism φ : X → C. Here, a line bundle L on X is said to be composed with the covering morphism φ if L is a pull-back of a line bundle on C via φ. Note that the morphism associated to the base point free part of such a line bundle factors through the covering morphism φ.
The typical well-known cases in these directions are hyperelliptic curves and general k-gonal curves: The base point free part of a special line bundle L on a hyperelliptic curve X with deg L ≤ 2g − 2 is composed with the covering morphism φ : X 2:1 −→ P 1 . For a general k-gonal curve X, it is also known that a base point free line bundle L with Cliff(L) ≤ g− 4 2 and deg L ≤ g − 1 is composed with the covering morphism φ :
). In these cases, not only is the base curve the simplest curve P 1 , but the covering morphism is also simple; i.e., it does not factor through a non-trivial morphism. In fact, if the covering morphism is simple, then we can apply the CastelnuovoSeveri inequality: it bounds the degree of line bundles which are not composed with the the covering morphism. Thus, in the cases where the covering morphisms are simple, there are some theorems to determine whether a given line bundle is or is not composed with φ ( [2] , [11] , [15] , [10] ).
On the other hand, if a covering morphism is not simple, it is hard to determine whether or not given line bundles are composed. But if a covering X of a smooth curve C is embedded in a ruled surface S with the natural projection π : S → C, one can use known properties on the surface S and the base curve C to show the composedness of line bundles on X with its covering morphism π| X . G. Martens and T. Harui have shown in [12] and [6] that the expectation ( * ) on the gonality and Clifford index holds for smooth curves on Hirzeburch surfaces and elliptic ruled surfaces, respectively.
In this paper, we deal with the gonality and the Clifford index of X and with the composedness of line bundles on X with π| X for a smooth curve X on ruled surfaces π : S → C. First of all, we show that such a covering π| X is not always simple (see Example 2.2 and Example 2.3). The main theorem (Theorem 3.10) shows that if a smooth curve X ∼ aC o + bf on a ruled surface π : S → C satisfies some conditions on the degree of b, then a line bundle L on X with Cliff(L) ≤ ag(C)−1 is composed with π| X . For g(C) ≥ 4, this is a stronger result than the expectation ( * ) on the gonality and Clifford index: Under the same conditions of the main theorem, we obtain a result on the gonality sequence of X as follows:
Here, the gonality sequence
Known results and examples
In this section, we give some preliminaries and examples to develop and clarify our results.
Assume that E is a normalized rank 2 vector bundle on a smooth curve C of genus p with e = 2 E and e := − deg(e). Let S = P(E) be an associated ruled surface with a projection morphism π : S → C. We fix a section C 0 such that O S (C 0 ) = O P(E) (1) . Then, C Let X be a smooth irreducible curve of genus g on the ruled surface π : S → C. Then X is numerically equivalent to aC 0 + bf for some a, b ∈ Z. Note that X becomes an a-fold covering of C. By the adjunction formula, we have
Note that the irreducibility of X( = C 0 , f) implies numerical conditions for a, b:
In this work, we investigate whether a given line bundle L on X is composed with the covering morphism π| X . If the covering morphism π| X is simple, we have the following well-known theorem.
Theorem 2.1 (Castelnuovo-Severi inequality). Let X and C be smooth curves of genus g and p. Assume that there exists a covering
f : X → C of degree k which is a simple morphism. Let h : X → P 1 be a morphism of degree d. If d < g − kp + k − 1 k − 1 ,
then the morphism h factors through the covering f ; that is, there exists a morphism
The main theorem (Theorem 3.10) in this paper gives a sufficient condition for the composedness of a given line bundle L on X lying on a ruled surface π : S → C, regardless of the simpleness of the covering morphism π| X . Now, we give a couple of examples such that π| X is not simple.
Example 2.2. Let X ∈ P
2 be a smooth plane curve defined by
is a double covering, where C is a plane curve whose defining equation is x n z n + y 2n = z 2n . LetC be a normalization of C, so we have a natural double covering σ : X →C. (For n = 2, consult [7] , Example 1.1.) A projection from a point q = (1 : 0 : 0) to the line {x = 0} is composed with the covering morphism σ. A blowing-up Σ 1 at q is a ruled surface with a morphism π : Σ 1 → P 1 . The restriction π| X : X → P 1 is not simple because it factors through σ. Example 2.3. Let C be a smooth projective curve genus p, and let L = O C (e) be a non-trivial line bundle such that
Now take a double covering γ : C → C with p ≥ 3p, where p is a genus of C such that C has a base point free |b| of degree p − 2p + 1 such that the divisor b is not pull-back of a divisor on C. The existence of such a double covering is studied in [4] and [2] . Let E = γ * (O C ⊕ O C (e)) and S = P(E ). Then we have the following diagram:
Let C 0 and f be a minimal section and a fiber on a ruled surface π :
) are globally generated, the linear system |2C 0 +bf | is base point free by [5] , Proposition 36. So, by Bertini's theorem, there exists a smooth curve X on S which is linearly equivalent to 2C 0 +bf . Since a divisor b is not a pull-back of a divisor on C, the restrict morphismγ| X : X → S is generically one-to-one and the image X =γ| X (X ) is linearly equivalent to 4C 0 + γ * (b)f . Since the geometric genus g(X ) = 3p − 2p of X is equal to the arithmetic genus a(X) = 3p −2p, X is a smooth curve on S. Clearly, the morphism
The following notion of extendibility and Serrano's Theorem will be used to prove our main results. Definition 2.4. Let X be a smooth curve on a smooth surface S and let ϕ : X → X be a finite morphism to a smooth curve X . Then ϕ is said to be extendible to S if there exists a morphism ψ : S → X such that ψ| X = ϕ. We call ψ : S → X an extension of ϕ : X → X . 
2 and the canonical divisor on S is numerically even), then ϕ : X → B is extendible to S. 
Note that the Castelnuovo number π(d, r) can be defined as the number regardless of birational embeddings of algebraic curves and has the following property. for l = 2,
Lemma 2.7 ([11], Lemma 6). For
Remark 2.9. Note that the function l → 2(l−1) (l+1) 2 is decreasing and
Main results
In this section, S( = C × P 1 ) is a geometrically ruled surface over a smooth curve C of genus p with invariant e. Let π : S → C be the projection morphism and C 0 , f denote a minimal section (C 2 0 = −e), a fiber of the bundle map π : S → C, respectively. Also we denote by X a smooth irreducible curve of genus g ≥ 2 on S which is numerically equivalent to aC 0 + bf (a, b ∈ Z) with a ≥ 2.
The aim of this paper is to obtain some sufficient conditions for line bundles L on X to be composed with the covering morphism π| X in terms of the Clifford index of L. To do this, we first give a range of Clifford index of line bundles on X which are birationally very ample.
Lemma 3.1. Let L be a birationally very ample line bundle on X with deg
i fa= 2 and m = 0,
where m :
Since ϕ L is birational, the Castelnuovo-Severi inequality yields g ≤ (a − 1)(d − 1) + ap, and so (
Set m := [
. The result follows from Lemma 2.8 and Remark 2.9. 
Next, we will deal with the line bundles which are not birationally very ample.
Theorem 3.5. Assume e ≥ 0 and S
= C × P 1 . Let L be a base point free line bundle on X with Cliff(L) < b− ae 2 − 2. If ϕ L : X → ϕ L (X) ⊂ P r (:= PH 0 (X, L)) is extendible to ψ : S → ϕ L (X) ⊂ P r ,
then L is composed with the covering morphism
Proof. Set X := ϕ L (X). Let D = αC 0 + ξf be a pull-back of a hyperplane section H of X in P r via the morphism ψ : S → X ⊂ P r . Then, we have the following three inequalities:
This gives the following numerical criteria:
where β := deg ξ. Assume that α > 0. Let f be a smooth fiber of π. Consider the morphism ψ| f :
which is associated with the line bundle
Since X is nondegenerate, we have α ≥ r by the Riemann-Roch Theorem. Now, consider the Clifford index of L: 
Proof. Let ϕ L be the morphism associated to the line bundle L. Set μ := Cliff(L). Assume that dim |L| = 1. Since the morphism ϕ L is not extendible to S, by Theorem 2.5 we have
, in case e is even).
Now we assume that dim |L| ≥ 2. Set
to S, then we have the following commutative diagram:
It implies the extendibility of ϕ L , which is a contradiction to the assumption. Thus ϕ L is also not extendible. Now, consider a projection of X from general (r − 2)-points
Moreover, if e is even, Theorem 2.5 yields
Thus the result follows. Now, we can reprove weak versions of Martens' theorem ( [12] , Theorem) and Harui's theorem ( [6] , Theorem 2.4) using Theorem 3.6.
Theorem 3.7 (G. Martens).
Let Σ e be a rational ruled surface with invariant e and let X ∈ |aC 0 + bf | be an irreducible smooth curve on a surface Σ e with a ≥ 2. If e ≥ 2, then gon(X) = a and Cliff(X) = a − 2.
Proof. Let L be a line bundle computing the gonality of X and assume that deg L < a. Since we assume e ≥ 2 and the irreducibility of X implies b ≥ ae, we have
Therefore the morphism ϕ L is extendible to Σ e by Theorem 3.6, and so composed with the covering morphism by Theorem 3.5. It gives a contradiction to the assumption deg L < a. Consequently, we have gon(X) = a. Now, we prove the result for the Clifford index. If a = 2, it is trivial. Assume c := Cliff(X) < a − 2 and a ≥ 3. Let
Then we obtain r ≥ 2, since gon(X) = a and Cliff(X) < a − 2. Let L be a line bundle computing the Clifford index of X with h 0 (X, L) = r + 1. The minimality of r implies that L is very ample. If r = 2, X is a smooth plane curve of degree a + 1 since gon(X) = a. Then, we have g(X) = a(a−1) 2
. On the other hand, since X is a smooth curve on Σ e with e ≥ 2,
which is a contradiction to a ≥ 3. Now we assume that r ≥ 3. Lemma 2.7 yields
which cannot occur for a ≥ 3. Thus the theorem is proved.
Remark 3.8. In Theorem 3.7, the result on the Clifford index of X is added to Martens' original theorem.
Theorem 3.9 (Harui) . Let S be a geometrically ruled surface over an elliptic curve E and let X ∈ |aC 0 + bf | be an irreducible smooth curve on S. If e ≥ 4, then gon(X) = 2a and Cliff(X) = 2a − 2.
Proof. First, we prove the results for the gonality. Let L be a line bundle computing the gonality of X and assume that deg L < 2a. As in the proof of Theorem 3.7, we have
and
which yield gon(X) = 2a.
For the Clifford index of X, as in the proof of Theorem 3.7, we assume that c < 2a − 2 and r ≥ 2. If r = 2, X is a smooth plane curve of degree 2a + 1 since gon(X) = 2a. However, the line bundle computing the gonality of a smooth plane curve is associated to the projection from a point on X, and hence it is not composed with the covering morphism. So we have r ≥ 3. Lemma 2.7 yields
from which we get a = 2 since g ≥ (a − 1)(
It cannot occur, since the Clifford index of a bielliptic curve is equal to 2. Thus we have Cliff(X) = 2a − 2. Now combining Corollary 3.4, Theorem 3.5, and Theorem 3.6, we obtain the following theorem. . Consequently, L is composed with the covering morphism π| X : X → C by Theorem 3.5. Thus the theorem is proved.
From Theorem 3.10 we obtain the following result on the gonality sequence of X. Assume , since deg R = 2(q − kγ + k − 1) by the Riemann-Hurwitz formula. Then the Castelnuvo-Severi inequality is not available for L t . As a result, such a step-by-step approach is not adaptable in the case where one of the φ i 's has so small a degree of ramification divisor.
